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Abstract

The extent to which intervention effects persist or fade over time is an important
question in the behavioral sciences. In meta-analysis, persistence is often assessed
by meta-regressing effect sizes at followup on effect sizes at endline. While common,
the standard meta-regression does not adjust for the shared sampling error between
effect sizes across time points. We show that in general, estimated slopes from the
standard meta-regression are inflated under mild assumptions about correlations be-
tween outcomes across time. We show how to adjust for correlated sampling error using
a sensitivity analysis approach with meta-analytic data from a series of behavioral
interventions. Our results suggest that effect fadeout is likely more severe than current
estimates suggest.
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1 Introduction

A critical question in the social and behavioral sciences is the extent to which intervention
effects persist or fade over time (Abenavoli, 2019; Bailey, 2019; Bailey et al., 2017). Meta-
analyses typically examine persistence by meta-regressing effect sizes (ES) at followup on ES
at endline. The slope from this meta-regression provides an interpretable summary of effect
persistence, providing the expected followup ES for a given endline ES (Hart et al., 2024).

One methodological issue with this meta-regression approach is that standard meta-
regression models explicitly account for sampling error in the outcome (here, ES at followup),
but not in the predictor (ES at endline). When sampling error in the predictor is independent
of the outcome, adjusting for predictor error disattenuates regression slopes (Kline, 2023).
However, the sampling errors of two ES constructed from the same outcome variables and the
same participant samples at two time points are likely to be correlated. That is, if sampling
error yields an estimated ES larger than the true ES at endline, a similar sampling error is
likely at followup to the extent that the outcomes are correlated across time. Thus, standard
errors-in-variables corrections are likely to be counterproductive and ignoring correlated
sampling error will bias estimated meta-regression slopes.

The issue of correlated sampling error in meta-regression is well known in the medical
literature in the analysis of surrogate outcomes, and can be accounted for by modeling the
dependence in sampling errors across time points, an approach denoted “bivariate meta-
regression” (Daniels & Hughes, 1997; Gail, 2000; Van Houwelingen et al., 2002). As of yet,
however, models that account for correlated sampling error are rarely applied in the social and
behavioral sciences when examining questions of effect persistence. In a review of the literature,
Riley (2009) suggests that such models are underused due to tradition, increased complexity,
the need for specialized software, and a lack of understanding of the consequences of ignoring
correlated sampling error. Furthermore, the sources cited above emphasize estimating pooled

effects and improving precision rather than potential bias in meta-regression slopes that



motivates the present study. Indeed, a series of recent meta-analyses in education (Hart et al.,
2024, 2026; Lynch et al., 2025; Rosengarten et al., 2024; Watts et al., 2025, 2026) simply
regress one ES on another without adjustment, suggesting that the field could benefit from
an explicit and practical treatment of these issues in education, psychology, and other social
sciences.

As such, the purpose of this study is as follows. First, we provide an accessible overview
of how correlated sampling error creates bias in meta-regression slopes. Second, we describe
how to correct for the bias and apply the proposed correction in a sensitivity analysis style
approach. Third, we apply the correction to a large meta-analysis of persistence in social-
emotional learning (SEL) and cognitive interventions (Hart et al., 2024) and demonstrate
that, under relatively mild assumptions about correlations between outcomes across time,
true persistence is likely lower than current estimates suggest. Last, we include R code for
researchers interested in applying our proposed method to their own datasets.

While we use the substantive example of persistence and fadeout to motivate the present
study, we emphasize that our proposed approach is applicable to any meta-regression method
that includes an ES as both predictor and outcome. For example, Lynch et al. (2025) examine
how ES on teacher outcomes predict ES on student outcomes within the same study to probe
mechanisms of intervention impact. Other applications could include cross-domain transfer
or spillover effects or relationships between treatment impacts on researcher-developed versus
standardized outcome measures (Gilbert & Kim, 2026; Gilbert & Soland, 2026; Wolf &
Harbatkin, 2023). Thus, we aim to provide a general approach for conceptualizing and

correcting for correlated sampling error in meta-regression analysis.



2 Methods

2.1 The Meta-regression Model

Consider the standard meta-regression model:

O = a+ BXy +up + ey (1)
U NN(O,TQ) (2)
o~ N (0,02 ), 6

where 0, is the observed effect size in study k, « is the intercept, X} is the covariate of
interest, [ is the meta-regression coefficient, uy is a random effect for study with variance
72 and e, is the sampling error of the effect size, with (assumed known) variance o7, . The
standard meta-regression framework thus explicitly accounts for sampling variability in the
outcome ES ;. For clarity of exposition, we consider the simple case of one ES per study
(or one pair of ES when examining persistence), but note that our code and analytic models
allow for multiple ES per study in an approach analogous to robust variance estimation (RVE,
Pustejovsky and Tipton, 2022).!

As in conventional regression models, the predictor Xy is assumed to be error free. This
assumption is often reasonable, such as when X, represents a low-inference study characteristic
such as the reported sample size, whether the study is published in a peer-reviewed journal,
or whether the study used an experimental or quasi-experimental design. Often however, X}
contains error. A common example is studies of effect persistence, where ES at followup is
regressed on ES at endline. In this case, § represents the “conditional persistence” of effects,
where a slope of 1 suggests that effects fully persist and a slope of 0 suggests that effects

fully fade (Hart et al., 2024). We illustrate conditional persistence in Figure 1, which shows

!Specifically, we assume a correlation of .80 for the study-level random effects across time in a multilevel
meta-analysis framework.



an observed conditional persistence of 50% compared to a theoretical conditional persistence
of 100%.

When estimating meta-regressions for conditional persistence, the predictor X} is itself
another ES that contains its own sampling error, thus violating the assumptions of the
meta-regression model. Performing such meta-regressions without adjustments for predictor
sampling error are common in meta-analysis of social and behavioral interventions. For
example, several recent meta-analyses of persistence and fadeout in educational interventions

use this approach (Hart et al., 2024, 2026; Rosengarten et al., 2024; Watts et al., 2025, 2026).

Figure 1: Conditional Persistence of Effect Sizes Across Time

ES at Followup

ES at Endline

Notes: The y-axis shows the ES at followup and the x-axis shows the ES at endline. The dashed black
line represents a theoretical conditional persistence of 100%. The blue line shows an observed conditional
persistence of 50%.

2Note that our intention is not to single out any primary study authors for criticism; rather, we use these
recent examples to motivate a more robust methodology for meta-analysts interested in similar research

questions.



2.2 Adjusting for Correlated Sampling Error

In simple linear regression, error in predictors attenuates regression coefficients towards zero,
and this bias can be corrected with both errors-in-variables and structural equation modeling
approaches (Gilbert, 2025; Kline, 2023; Lockwood & McCaffrey, 2020). However, standard
errors-in-variables adjustments are not applicable in the persistence meta-regression case
because the error in the outcome and predictor are not independent; rather, they represent
some shared sampling variation. That is, if sampling error yields a point estimate larger than
the true population ES for study £ at endline, it is likely that this same sampling error would
affect the point estimate for the ES at followup in a similar manner.

Figure 2 shows a directed acyclic graph to clarify the issue. (§ represents the relationship
between true (unobserved/latent) ES 6, across time, but the estimated relationship b between
observed ES d; will be biased to the extent that the sampling errors are correlated. In effect,
the shared sampling error functions identically to a confounder in other contexts (Pearl &
Mackenzie, 2018). Operationally, this means the naive ES-on-ES slope b partly reflects the
relationship induced by regression on shared noise, rather than the structural relation (3
between the underlying true ES.

Importantly, when the correlation between outcomes across time points is known or can
be estimated, we can correct for the resulting bias. We begin by deriving the sampling
correlation in terms of potential outcomes and show that the sampling correlation is equal
to the test-retest reliability of the outcome under several simplifying assumptions. We next
describe how correlated sampling error creates bias in meta-regression slopes. We then
use these results to propose a persistence model that appropriately accounts for correlated

sampling error (Riley, 2009).



Figure 2: Directed Acyclic Graph for the Persistence Meta-regression
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Notes: Circles represent latent variables and squares represent observed variables. 6, is the true ES, ¢; is the
observed ES, and V4 is the (assumed known) sampling variance of the ES at time ¢. /3 is the true relationship

between the ES across time, but we estimate b with the conventional meta-regression, potentially biased by

the unknown sampling covariance across time. 77 are residual variances.

2.2.1 Derivation of the Sampling Covariance Between Effect Sizes Across Time

Consider an RCT of a binary treatment condition measuring outcomes Y;; at two time points,
t € {1,2}, for participants j, where Y3, is the immediate endline outcome and Y5; is the
long term followup outcome. Under the potential outcomes framework (Rubin, 2005), let
Y (0):; denote the potential outcome under the control counterfactual and Y (1);; denote
the potential outcome under the treatment counterfactual. For clarity of exposition, we
consider Y to be an observed variable to maintain focus on the effects of correlated sampling
error. We note that classical measurement error will be absorbed into the standard error
of the average treatment effect by increasing residual variance and therefore our general
arguments will still apply to, for example, test score outcomes. We further assume that (a)

the number of participants in each arm, n, is equal and (b) outcomes of different participants



are independent. That is, Y;; 1L Yy, for all j # k.3

In the absence of treatment, we observe Y(0);; and Y (0)2;. Let Var(Y(0);;) = o7 and
Var(Y(0)2;) = 03. Now assume at each time an additive, constant treatment effect, 6,,
so that Y(1);; = Y (0)¢; + 6;. Because the treatment effect is an additive constant, the
variances under the treatment counterfactual equal those under the control counterfactual,
i.e., Var(Y(1)1;) = o7 and Var(Y (1)s;) = 03. (We explore the consequences of heterogeneous
treatment effects in Appendix A.)

Now let Cov(Y (0)1, Y (0)ax) = Cov(Y (1)1, Y (1)ar) = poros if j = k, and 0 otherwise.
Equivalently, the test-retest reliability of the outcome measure is p, i.e. Corr(Yy;,Ys;) = p,
within both treatment conditions.”

To estimate treatment effects in each time period, we use a difference-in-means estimator,

51 = ?lT - 71Oa (4)

where Y17 and Yo are, respectively, the treatment and control group sample means at

endline. Similarly,

52 = ?2T - ?20- (5>

Cov(d1,02)

, which we
Var(d1)Var(dz2)

What is consequential here for the meta-regression is Corr(dy, d2) =

now derive.

3Such an assumption is likely to be violated in cluster RCTs, in which, for example, students are nested
within schools and treatment is assigned at the school level (Murnane & Willett, 2010).

4We use the term “test-retest reliability” because this is how such correlations are often reported in the
social sciences. For our purposes, p simply captures the within-arm population correlation in outcomes,
whether the outcomes represent some test score (e.g., math performance) or an error-free observed quantity
(e.g., height).



We first decompose the estimators into the true ES 6; and sampling error:

01 =0 +{Y(0),p — mw}

0 = b + {Y(O)zT - WQC}'

Because constants do not affect variance or covariances,

Var(6;) = Var(Y(0), — Y (0),0) = %
Var(dy) = Var(Y(0)y, — Y (0),0) = %
Cov(d1,02) = Cov(Y(0);7 — Y (0),0, Y (0)gr — Y(0)ye) = Qpc;lgz

Plugging Equation 10 into the definition of correlation, we have,

2po102 2po102
_ n _ n _
Corr(dy,02) = = =
201 203 o
n n

(11)

That is, under the simplifying assumptions described above, the correlation between the

ES estimates (i.e., the correlated sampling error) is equal to the test-retest reliability of the

outcome. Thus, when p is known, it can be encoded into the meta-regression to de-bias

estimates of the persistence slope. Note however, that p represents the population correlation

and is itself subject to sampling error when estimated from individual data or reported

by primary studies. In practice, p can also be affected by range restriction and sample

heterogeneity. We return to these issues in the Discussion.

2.2.2 Bias in Meta-regression Slopes

Now consider the consequences of Equation 11 for a “naive” conditional persistence meta-

regression, where d;, indicates an observed ES at time ¢ for study k, fit by ordinary least



squares:
0ok = @ + 01y, + €. (12)
Let studies have true ES related by

Oor, = v + BO1 + 1, (13)

Cov(@lk,nk) =0. (14)
The observed ES estimates d;, are functions of the true ES 6, plus sampling error ey:

01k = Oh + e (15)

dor, = Oop, + €24, (16)

where ey, are independent of (615, 7).

The large-sample bias of the persistence slope from Equation 12 is (Pischke, 2007):

~ _ Cov(ey,ez) — fVar(er)

Bi = 17
ias(/5) Var(6;) + Var(e;) (17)
Plugging in Equation 10, this yields
.~ py/Var(e;)Var(ez) — BVar(e;)
B = 18
ias(0) Var(6,) + Var(e;) (18)
_ py/ Var(e;)Var(ez) B BVar(eq) (19)
Var(6,) 4+ Var(e;)  Var(6,) + Var(e;)
correlatior?—griven bias attenu;:iron bias

Setting p = 0, we recover the attenuation bias under classical measurement error (Gilbert,
2025; Kline, 2023). When p > 0, the bias is more positive.
In our setting, where meta-regression is used to estimate persistence, we expect that

£ > 0. Additionally, because within-person measures are correlated across time in behavioral



settings, we expect p > 0. Typically these test-retest reliabilities are high, with one individual
participant data meta-analysis of behavioral RCTs showing a mean p = .51, SD = .23 across
97 outcomes (Veltri & Gilbert, 2026) and another analysis of 24 cognitive outcomes showing
p between .34 and .80 (Robison et al., 2026, Table 6). Attenuation bias will therefore shrink
estimates toward zero, but the correlation bias will likely overcome it, leading to overestimates
of persistence.

While we illustrate the issue under the simplifying assumption of a constant p across
studies for clarity of exposition, in practice, p is almost certain to differ across studies.
We examine this issue in depth in Appendix D. In short, we show that no distribution
of study-specific correlations p = (p1, ..., px) can push E outside the limits of assigning a
minimum and maximum fixed value to p, so long as all of the individual elements of p are
within that range. For example, if all elements of p are between 0 and .9, 3 when adjusting
for the heterogeneous p will fall somewhere between its value when fixing all values of p to 0
and when setting all values of p to .9. We use this fact to motivate our sensitivity analysis
approach.

To help build readers’ intuitions for these extent to which the various inputs affect bias
in meta-regression slopes, we provide the R code for a Shiny visualizer in our supplement
(Doi et al., 2016; Jia et al., 2022). Readers can download and run the code in R to see how
changing the various data-generating parameters (e.g., 3, p, IV) affects bias in the conditional

persistence slope.
2.2.3 A Multivariate Meta-Regression Model Accounting for Correlated Sam-
pling Error

We now describe a meta-regression model to account for correlated sampling error. We
denote dy; and o7, as the ES and variance of the ES for study k at time ¢, respectively. We

first specify the sampling covariance matrix for study &, where p is the sampling correlation

10



between ES at t =1 and ¢t = 2:

2
O1k PO1kO 2k

Sy = : (20)
PO1k0 2k ng
Now consider the true ES, #;,. These determine the joint distribution of observed ES d; as

follows:

) 0
1k N 1k 5, (21)

Dok o

We then specify a persistence model for the true ES:

elk ~ ./\/([L, 7—12) (22)

Oor| 01 = N (o + Sy, 722), (23)

where p is the grand mean of true ES at time 1, « is the mean true ES at time 2 when
01 = 0, [ is the conditional persistence corrected for correlated sampling error at both time
points, 72 is the overall variance in true ES at time 1, and 7 is the residual variance in true
ES at time 2 (Riley, 2009).

Because p may be inconsistently reported across studies, unknown, or a weak proxy for
the sampling correlation when simplifying assumptions do not hold, we propose a sensitivity
analysis style approach, in which we fix p to a range of values (e.g., 0, .1, .2, ..., .9) to
determine to extent to which model results are sensitive to alternative assumptions. We
use Stan to fit the model (Carpenter et al., 2017). We use the following priors and include
example code in Appendix B. We center our prior for 5 on 0 to regularize the conditional

persistence estimates; a more informative prior (e.g., N'(.5,.25) or U(0, 1)) could be applied

11



when researchers have evidence to believe that persistence is likely to be positive, for example.

w~N(0,1) (24)
a ~N(0,1) (25)
B~N(0,1) (26)
7, ~ Half-Cauchy(0, .5) (27)
75 ~ Half-Cauchy(0, .5). (28)

2.3 Simulation Study

Given the derivation above, we conduct a targeted simulation study to illustrate how the
bias and the bias correction play out in finite samples. The simulation study is not intended
to be exhaustive, but rather to concretely demonstrate the issues at play in realistic sample
sizes. We first simulate 0; ~ N(.5,.25%) and 6, = .56,, that is, a conditional persistence of
50% based on endline ES mostly in the (0, 1) interval. We then simulate RCTs with 100
participants randomly assigned to treatment or control conditions to represent the small to
moderate sample sizes common in behavioral RCTs. While primary studies in meta-analyses
almost certainly vary in their sample sizes, we examine the single N case here to most clearly
illustrate the conceptual issues at play. We emphasize that our additional derivations in
Appendix D do not assume a constant N or p. Within each RCT, we generate the potential
outcomes under the control condition as
Y(0); 0 L op

~N : , (29)

where p is the test-retest reliability. We then generate the potential outcomes under the
treatment condition as Y'(1);; =Y (0)1; + 61 and Y (1)3; = Y(0)2; + 62. We next create the

observed outcomes by selecting Y (1) for units randomly assigned to treatment and Y (0) for

12



units randomly assigned to control.

We then generate 500 RCTs with true ES 6; and 65, varying p from 0 to .9 in increments
of .1. Figure 3 shows the scatterplots of the meta-regression of observed ES (i.e., d; on d;),
faceted by p, with the true meta-regression in black and the OLS fit in red. In line with the
results above, when p = 0, measurement error attenuates the slope, and as p increases, the
slope inflates. A metamodel of these simulation results (Gilbert & Miratrix, 2026) confirms
the pattern, as each .1 increase in p causes a .036 increase in the estimated conditional
persistence slope (95% CI = [.031, .041]). We include analogous plots where we fix N to 40
or 1000 in Appendix C, and find that the magnitude of the bias is more severe at smaller

sample sizes, as expected.

Figure 3: Simulated Meta-regressions Across Test-Retest Reliabilities
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Notes: The y-axis shows the ES at followup and the x-axis shows the ES at endline. Each dot is a simulated
RCT of 100 participants randomly assigned to treatment or control conditions. The black line is the true
persistence of 50% and the red line shows OLS fits. The plot is faceted by test-retest reliability p.

We next fit a model that accounts for the correlated sampling error to the data (i.e.,

Equation 22). Here, we assume p is known, which is unlikely to be true in practice, to test

whether the proposed correction functions as anticipated under ideal conditions. Figure 4

13



shows the results. We find that the 95% CIs for the proposed Bayesian estimator capture the
true persistence of 50% in all cases whereas the OLS estimator systematically under-estimates
persistence when p is low and systematically over-estimates persistence when p is high.
However, the CIs of the Bayesian estimator are much wider than the OLS estimator. Given
that the true value of p is either unknown, inconsistently reported in primary studies, or
a weak proxy for the sampling correlation when our simplifying assumptions are violated,
we use a sensitivity analysis approach in our empirical application to determine how the
estimated conditional persistence varies across a range of plausible values for p. That is, we
vary p from a “best case scenario” of 0 for every ES to a “worst case scenario” of .9 for every
ES because the true distribution of p is likely to fall somewhere in between these extremes

(see also Appendix D).

Figure 4: Estimated Conditional Persistence Accounting for and Ignoring Correlated
Sampling Error

%
L R

Estimated Persistence

0.34

0.00 0.25 0.50 0.75
Test-Retest Reliability

Estimator Bayesian —e— OLS

Notes: The y-axis shows the estimated conditional persistence and the x-axis shows the (assumed known)
test-retest reliability p. Points and lines represent point estimates and 95% Cls (credible intervals for the
Bayesian estimator and confidence intervals for the OLS estimator).
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3 Results

3.1 Data Source

We use data from Hart et al. (2024), who examine conditional persistence of social-emotional
learning (SEL) and cognitive interventions across a wide range of studies. In total, they
include 420 ES estimates (Glass’s A based on descriptive statistics) from 60 studies at endline
and at 6-12 month followup. In the original analysis, the authors use a robust variance
estimation (RVE) approach to account for the multiple ES within studies (Pustejovsky &

Tipton, 2022), but do not account for potential correlated sampling error across time.

3.2 Standard Meta-regression Model Results

Figure 5 essentially replicates the original analysis (Hart et al., 2024, Figure 5), showing
the followup ES on the y-axis and the endline ES on the x-axis.” We find a conditional
persistence of 43% (SE = .026). Substantively this means that interventions that report an
ES of 1SD larger at endline are predicted to report an ES .43 SDs larger at followup. The I?
(proportion of variance in observed ES that reflects true underlying heterogeneity) is 89% at
endline and 81% at followup, suggesting that the observed ES are quite reliable at both time

points.

3.3 Sensitivity Analysis

Table 1 shows the adjusted model results, where p indicates the assumed outcome correlation
(for all ES) across time points. When p = 0, we find an estimated conditional persistence of
45%, which is slightly larger in magnitude than the initial result of 43% due to disattenuation.
As p increases, we see the estimated conditional persistence decrease, in line with the

arguments presented in Section 2. For example, assuming p = .5, we estimate 33% conditional

5To maintain comparability between our models, we use a three-level meta-regression model for our
baseline analysis while Hart et al. (2024) use RVE.
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Figure 5: Conditional Persistence based on Multilevel Meta-regression Model

ES at Followup

ES at Endline
Slope = 0.427

Notes: The y-axis shows the ES at followup and the x-axis shows the ES at endline. Thin lines represent +1
standard error from the point estimate. The dashed black line represents a theoretical conditional persistence
of 100%. The blue line shows the estimated slope using a multilevel meta-regression approach that does not
account for correlated sampling error.

persistence. Assuming p = .9, we estimate 20% conditional persistence. Thus, even in the
most extreme case, we can be confident that true persistence is greater than 0. We illustrate
the results graphically in Figure 6, in which each of the colored lines represents a different
assumed p value. Thus, the initial conditional persistence estimate of 43% is likely to be too
high under even relatively mild assumptions about outcome correlation across time (Robison

et al., 2026; Veltri & Gilbert, 2026).

4 Discussion

The fadeout, or persistence, of intervention effects is a critical concern in the social and
behavioral sciences. To estimate persistence, researchers commonly fit a meta-regression
model of followup ES on endline ES (e.g., Hart et al., 2024, 2026; Rosengarten et al., 2024;

Watts et al., 2025, 2026). However, this practice ignores the correlated sampling error across

16



Table 1: Results of Meta-regression Models

p Coef. (SE) 95% CI

0.00 0.447 (0.03)  [0.39, 0.51]
0.10  0.429 (0.032) [0.37, 0.49]
0.20 0.409 (0.032) [0.35, 0.47]
0.30 0.384 (0.032) [0.32, 0.45]
0.40 0.36 (0.032)  [0.3, 0.42]
0.50 0.334 (0.033) [0.27, 0.4]
0.60 0.306 (0.033) [0.24, 0.37]
0.70  0.273 (0.033) [0.21, 0.34]
0.80 0.239 (0.033) [0.17, 0.3]
0.90 0.2 (0.035)  [0.13, 0.27]

Notes: p indicates the assumed correlation between outcomes across time points. 95% credible intervals are
approximated as the point estimate £1.96 times the posterior SD.

Figure 6: Conditional Persistence Corrected for Correlated Sampling Error

ES at Followup

ES at Endline

r(Endline, Followup) “

0.00 0.25 0.50 0.75

Notes: The y-axis shows the ES at followup and the x-axis shows the ES at endline. Thin lines represent +1
standard error from the point estimate. The dashed black line represents a theoretical conditional persistence
of 100%. The multicolored lines represent estimated conditional persistence assuming varying sampling
correlations between ES across time points.

time points, resulting in biased conditional persistence estimates. While models to correct for
this issue have a long history in fields such as medicine (Daniels & Hughes, 1997; Riley, 2009),

extant treatments omit discussion of the bias issue and applications in the social sciences are
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rare.

In this study, we propose a simple sensitivity analysis approach to address this issue,
illustrated with empirical meta-analysis data from SEL and cognitive interventions (Hart
et al., 2024). We find that while the standard approach provides an estimated conditional
persistence of 43%, even a relatively mild assumption of an outcome correlation of p = .5
attenuates this estimate to 33%. Given that outcomes across time are almost certainly
positively correlated, current estimates of persistence are likely too optimistic. In educational
interventions, for example, correlations exceeding p = .7 are likely to obtain for standardized
tests of math or reading.

How should analysts choose a value of p? When individual participant data are available,
p can be estimated directly as the test-retest reliability of the outcome, though it will suffer
from sampling error when the sample size is small and only captures the sampling correlation
when the treatment effect is an additive constant for all individuals. When primary studies
report p, it can be coded as part of the meta-analysis data processing. When p is not reported
but background evidence is available (e.g., Robison et al., 2026; Veltri and Gilbert, 2026),
values can be imputed or a prior can be placed directly on the distribution of correlations. p
is likely to depend on a host of features, including the psychometric properties of the outcome
measures, the heterogeneity of the sample, and the time lag from endline to followup. In
the case of the Hart et al. (2024) empirical example, perhaps a range from .1 to .6 would be
justifiable given that the authors examine cognitive and SEL outcomes at approximately one
year intervals.

In contrast, our sensitivity analysis approach is purposefully broad so as to maximize its
applicability. Given the wide range of factors affecting p, inconsistent reporting in primary
studies, and the untenability of the assumption of a constant additive treatment effect in most
cases, we view a sensitivity analysis as the most reasonable tool to provide bounds between
best and worse case persistence scenarios. That is, however complex the pattern of correlation

may be across primary studies—arising from heterogeneous treatment effects, psychometric
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issues, varying time lags, etc.—the truth almost certainly falls in between the extremes of
p = 0 for all outcomes and p = .9 for all outcomes (see Appendix D). For example, in the Hart
et al. (2024) data, persistence is still greater than 0 under the highly conservative assumption
that p = .9 for every ES. Thus, we can be confident that the estimated persistence is not
driven by correlated sampling error alone. Furthermore, the sensitivity analysis provides a
wider range of results than the conventional analysis, better reflecting our uncertainty about
correlated sampling error.

We highlight several extensions to our approach:

1. Using covariate-adjusted ES rather than standardized mean differences such as Cohen’s d
may be desirable when examining persistence, because covariate adjustment may reduce
the correlated sampling error and therefore lessen the bias. This occurs because the
relevant sampling covariance depends on the residualized endline-followup relationship,
not the raw test-retest correlation, when covariates are included in the model. Such
effects are not guaranteed, however, because covariate adjustment will generally slightly
change treatment effect point estimates in each study and, by changing the SEs in
proportion to the covariates’ explanatory power, will change the ES weights as well. For
example, Watts et al. (2026) find a conditional persistence rate of 43% for unadjusted

ES compared to 40% for covariate-adjusted ES.

2. Using ES from studies with large sample sizes will greatly reduce the issues identified
in this study, because smaller standard errors decrease both the attenuation due to
classical sampling error and the bias due to correlated sampling error. As a concrete
example, assume = .5, 71 = .25, 5 = 0. Equation 18 suggests that when N = 50, the
estimated conditional persistence rate will be about 31% when p = 0 and 68% when
p = .95. In contrast, these values are 47% and 53%, respectively, when N = 1000. (See

also Appendix C.)

3. Rather than assuming a series of constant p in a sensitivity analysis, we could set a
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prior for the correlation itself, for example, from the Beta distribution (given that
test-retest correlations are almost certain to be positive), in cases where prior evidence
suggests plausible values for p (e.g., Robison et al., 2026; Veltri and Gilbert, 2026). This
approach would help to fully propagate uncertainty and yield a single point estimate

and standard error for inference on the conditional persistence slope.

4. While we used the example of ES persistence to motivate the present study, our method
is applicable to other research questions. For example, a recent meta-analysis examines
how ES on teacher outcomes predicts ES on student outcomes within the same study,
without corrections for correlated sampling error (Lynch et al., 2025). Thus, the
proposed method is applicable in any context in which analysts regress ES on other ES

from the same study.
Our study is tempered by several limitations, of which we highlight several here:

1. The fully Bayesian meta-regression model implemented with Stan is computationally
intensive, and the sensitivity analysis approach requires fitting the model many times.
Fortunately, meta-analyses tend to have relatively small sample sizes. On the first
author’s personal computer,® fitting the sensitivity analysis on the empirical data took

approximately 10 minutes.

2. Our derivation assumes a constant additive treatment effect (which implies equal
residual variances and invariant test-retest reliabilities across treatment arms), individual
randomization, and equal sample sizes across treatment arms. When treatment effects
vary across individuals, the degree and direction of the bias can shift in complex ways
(see Appendix A); extensions of our modeling approach to accommodate heterogeneous
treatment effects is a promising avenue of future work. Similarly, even when reported
in primary studies, p will be affected by sampling error, range restriction, and sample

heterogeneity. Thus, we view our sensitivity analysis approach of varying p from 0 to

6A 2021 MacBook Pro with an M1 CPU and 16GB of RAM.
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0.9 as a way to estimate realistic bounds on the true persistence slope rather than fully

capturing the data-generating process of each study (see Appendix D).

3. Our derivation and simulation assume observed outcomes, while many outcomes in the
social sciences—e.g., educational achievement, SEL, etc.—are unobserved and generally
represented by scores that contain measurement error. Classical measurement error
increases standard errors but does not bias unstandardized coefficients. Thus, the
consequences of measurement error in meta-analysis generally focus on correcting for
attenuation of effect sizes because measurement error inflates the outcome standard
deviation. Thus, correcting ES for attenuation is critical in persistence meta-analyses
because differential measurement error across studies adds yet another source of bias to
the meta-regression slope (Borenstein et al., 2022; Gilbert, 2025; Hedges, 1981; Kline,
2023). We were unable to apply such corrections here directly because our data do not

include outcome reliabilities.

Taken together, our derivations, simulations, and empirical application indicate that
conventional persistence meta-regressions that ignore correlated sampling error are likely
to overstate the durability of intervention effects under realistic conditions. By formalizing
how shared sampling error arises, clarifying its relationship to test-retest reliability, and
providing an implementable multivariate meta-regression framework with a simple sensitivity
analysis strategy, we offer applied researchers a practical way to diagnose and at least partially
correct this bias. Although our approach requires additional modeling effort and relies on
assumptions about the correlation structure that are only imperfectly known in practice, it
yields more defensible inferences and more realistic uncertainty about long-term impacts. As
meta-analysts increasingly use effect sizes as both predictors and outcomes, routine attention
to correlated sampling error, and adoption of methods like those proposed here, will be
essential for drawing credible conclusions about what behavioral interventions achieve over

time.

21



References

Abenavoli, R. M. (2019). The mechanisms and moderators of “fade-out”: Towards under-
standing why the skills of early childhood program participants converge over time
with the skills of other children. Psychological Bulletin, 145(12), 1103-1127.

Bailey, D. (2019). Explanations and implications of diminishing intervention impacts across
time. In Cognitive foundations for improving mathematical learning (pp. 321-346).
Elsevier.

Bailey, D., Duncan, G. J., Odgers, C. L., & Yu, W. (2017). Persistence and fadeout in the
impacts of child and adolescent interventions. Journal of Research on Educational
Effectiveness, 10(1), 7-39.

Borenstein, M., Hedges, L. V., Higgins, J. P., & Rothstein, H. R. (2022). Introduction to
meta-analysis (2nd ed.). John Wiley & Sons.

Carpenter, B., Gelman, A., Hoffman, M. D., Lee, D., Goodrich, B., Betancourt, M., Brubaker,
M., Guo, J., Li, P., & Riddell, A. (2017). Stan: A probabilistic programming language.
Journal of Statistical Software, 76(1), 1-32. https://doi.org/10.18637 /jss.v076.101

Daniels, M. J., & Hughes, M. D. (1997). Meta-analysis for the evaluation of potential surrogate
markers. Statistics in Medicine, 16(17), 1965-1982. https://doi.org/10.1002/(SICI)
1097-0258(19970915)16:17(1965:: AID-SIM630)3.0.CO;2-M

Doi, J., Potter, G., Wong, J., Alcaraz, 1., & Chi, P. (2016). Web application teaching tools
for statistics using R and shiny. Technology Innovations in Statistics Education, 9(1).
https://doi.org/10.5070/T591027492

Gail, M. H. (2000). On meta-analytic assessment of surrogate outcomes. Biostatistics, 1(3),
231-246. https://doi.org/10.1093 /biostatistics/1.3.231

Gilbert, J. B. (2025). How measurement affects causal inference: Attenuation bias is (usually)
more important than outcome scoring weights. Methodology, 21(2), 91-122. https:
//doi.org/10.5964 /meth.15773

22


https://doi.org/10.18637/jss.v076.i01
https://doi.org/10.1002/(SICI)1097-0258(19970915)16:17<1965::AID-SIM630>3.0.CO;2-M
https://doi.org/10.1002/(SICI)1097-0258(19970915)16:17<1965::AID-SIM630>3.0.CO;2-M
https://doi.org/10.5070/T591027492
https://doi.org/10.1093/biostatistics/1.3.231
https://doi.org/10.5964/meth.15773
https://doi.org/10.5964/meth.15773

Gilbert, J. B., & Kim, J. S. (2026). Mapping the mechanisms of interdisciplinary learning
transfer from reading to math achievement: Evidence from a large-scale randomized
controlled trial. https://doi.org/10.26300/NXQQ-JC13

Gilbert, J. B., & Miratrix, L. W. (2026). Multilevel metamodels: Enhancing inference,
interpretability, and generalizability in monte carlo simulation studies. Multivariate
Behavioral Research, 61(2), 287-310. https://doi.org/10.1080/00273171.2025.2586631

Gilbert, J. B., & Soland, J. (2026). Mechanisms of effect size differences between researcher
developed and independently developed outcomes: A meta-analysis of item-level data.
Multivariate Behavioral Research.

Hart, E. R., Bailey, D. H., Luo, S., Sengupta, P., & Watts, T. W. (2024). Fadeout and
persistence of intervention impacts on social-emotional and cognitive skills in children
and adolescents: A meta-analytic review of randomized controlled trials. Psychological
Bulletin, 150(10), 1207-1236. https://doi.org/10.1037/bul0000450

Hart, E. R., Botvin, C. M., Bailey, D., H, & Watts, T. W. (2026). Using experimental
variation to examine the (co-)development of cognitive and social-emotional skills in
early childhood. https://doi.org/10.26300/SB70-RD25

Hedges, L. V. (1981). Distribution theory for Glass’s estimator of effect size and related
estimators. Journal of Educational Statistics, 6(2), 107-128. https://doi.org/10.3102/
10769986006002107

Jia, L., Yao, W., Jiang, Y., Li, Y., Wang, Z., Li, H., Huang, F., Li, J., Chen, T., & Zhang, H.
(2022). Development of interactive biological web applications with R/Shiny. Briefings
in Bioinformatics, 23(1), bbab415. https://doi.org/10.1093/bib/bbab415

Kline, R. B. (2023). Principles and practice of structural equation modeling (5th ed.). Guilford
Publications.

Lockwood, J. R., & McCalffrey, D. F. (2020). Recommendations about estimating errors-
in-variables regression in Stata. The Stata Journal: Promoting communications on

statistics and Stata, 20(1), 116-130. https://doi.org/10.1177/1536867X20909692

23


https://doi.org/10.26300/NXQQ-JC13
https://doi.org/10.1080/00273171.2025.2586631
https://doi.org/10.1037/bul0000450
https://doi.org/10.26300/SB70-RD25
https://doi.org/10.3102/10769986006002107
https://doi.org/10.3102/10769986006002107
https://doi.org/10.1093/bib/bbab415
https://doi.org/10.1177/1536867X20909692

Lynch, K., Gonzalez, K., Hill, H., & Merritt, R. (2025). A meta-analysis of the experimental
evidence linking mathematics and science professional development interventions to
teacher knowledge, classroom instruction, and student achievement. AFRA Open, 11,
23328584251335302. https://doi.org/10.1177/23328584251335302

Murnane, R. J., & Willett, J. B. (2010). Methods matter: Improving causal inference in
educational and social science research. Oxford University Press.

Pearl, J., & Mackenzie, D. (2018). The book of why: The new science of cause and effect.
Basic books.

Pischke, S. (2007). Lecture notes on measurement error. https://econ.lse.ac.uk/staff/spischke/
ech24/Merr_new.pdf

Pustejovsky, J. E.; & Tipton, E. (2022). Meta-analysis with robust variance estimation:
Expanding the range of working models. Prevention Science, 23(3), 425-438. https:
//doi.org/10.1007/s11121-021-01246-3

Riley, R. D. (2009). Multivariate meta-analysis: The effect of ignoring within-study correlation.
Journal of the Royal Statistical Society Series A: Statistics in Society, 172(4), 789-811.
https://doi.org/10.1111/j.1467-985X.2008.00593.x

Robison, M. K., Campbell, S., Garner, L. D., Sibley, C., & Coyne, J. (2026). A comprehensive
psychometrics of cognitive ability measures: Reliability, practice effects, and the
stability of latent factor structures across retesting. Behavior Research Methods, 58(2),
56. https://doi.org/10.3758 /s13428-025-02897-8

Rosengarten, M., Hart, E., Bailey, D., McCormick, M., Lovett, B., & Watts, T. (2024). Using
meta-analytic data to examine fadeout and persistence of intervention impacts on
constrained and unconstrained skills. https://doi.org/10.26300/QN5Q-MS33

Rubin, D. B. (2005). Causal inference using potential outcomes: Design, modeling, decisions.
Journal of the American Statistical Association, 100(469), 322-331. https://doi.org/
https://doi.org/10.1198/016214504000001880

24


https://doi.org/10.1177/23328584251335302
https://econ.lse.ac.uk/staff/spischke/ec524/Merr_new.pdf
https://econ.lse.ac.uk/staff/spischke/ec524/Merr_new.pdf
https://doi.org/10.1007/s11121-021-01246-3
https://doi.org/10.1007/s11121-021-01246-3
https://doi.org/10.1111/j.1467-985X.2008.00593.x
https://doi.org/10.3758/s13428-025-02897-8
https://doi.org/10.26300/QN5Q-MS33
https://doi.org/https://doi.org/10.1198/016214504000001880
https://doi.org/https://doi.org/10.1198/016214504000001880

Van Houwelingen, H. C., Arends, L. R., & Stijnen, T. (2002). Advanced methods in meta-
analysis: Multivariate approach and meta-regression. Statistics in Medicine, 21(4),
589-624. https://doi.org/10.1002/sim.1040

Veltri, G. A., & Gilbert, J. B. (2026). Results from randomized controlled trials are highly
sensitive to data preprocessing decisions: A multiverse analysis of 97 outcomes. https:
//doi.org/10.31222 /osf.io/kbge2_v1

Watts, T. W., Botvin, C. M., Bailey, D. H., Hart, E. R., Matter, S., Clements, D. H.,
Sarama, J., Farran, D. C.; & Lispey, M. (2026). Predicting persistence and fadeout
across multi-site RCT's of an early childhood mathematics curriculum intervention.
https://doi.org/10.26300/8AJF-4E22

Watts, T. W., Hart, E. R., & Bailey, D. H. (2025). How general is educational intervention
fadeout? A meta-analysis of educational RCTs with follow-up. https://doi.org/10.
26300/HXHD-CV70

Wolf, B., & Harbatkin, E. (2023). Making sense of effect sizes: Systematic differences in
intervention effect sizes by outcome measure type. Journal of Research on Educational

Effectiveness, 16(1), 134-161.

25


https://doi.org/10.1002/sim.1040
https://doi.org/10.31222/osf.io/kbgc2_v1
https://doi.org/10.31222/osf.io/kbgc2_v1
https://doi.org/10.26300/8AJF-4E22
https://doi.org/10.26300/HXHD-CV70
https://doi.org/10.26300/HXHD-CV70

Appendices

A Heterogeneous Treatment Effects

Suppose that, instead of a constant additive effect at time t, 6;, treatment effects vary also

across individuals j:

Y (1) =Y (0)i; + 75 (30)

0, = E(rj). (31)

Here, 7;; denotes the treatment effect for individual j at time ¢. Continuing with the previous
assumptions of equal group sizes and independence across participants, the difference-in-means

estimators satisfy

0r =0 +{Y(0),p = Y(0)yo } + {Tex — E(75) }- (32)

The covariance of the two estimators is then

Cov(dh,62) = [ Con(¥ (0)15, Y (0)2) (33)
+ Cov(Y(0)1, ;) (34)
+ Cov(1;, Y (0)2) (35)
+ Covfriy 735)] - (36)

Consequently, the correlation between the two estimated effects becomes

Cov(Y(0)15, Y (0)2;) + Cov(Y (0)15, 72;) + Cov(71;, Y (0)2;) + Cov(71;, T25)
Corr(51, 52) = Var(d1)Var(d2) '

n

(37)
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In this case, the correlation of the estimators is no longer determined solely by the test-retest
reliability of the outcome p. It now also depends on the joint distribution of individual
treatment effects across time and on their covariance with baseline potential outcomes. If
individual treatment effects vary and those effects persist across time, so that Cov(7y;, 79;) > 0,
the correlation between 9, and d; may exceed p. Conversely, if treatment effects tend to

reverse over time, Cov(7y;, 7o) < 0, the correlation may be attenuated or even negative.
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B Example Stan Code

e
stan_code <- "
data {

int<lower=1> K; // Total number of ES pairs (rows)

int<lower=1> J; // Number of unique studies (clusters)

array[K] int<lower=1, upper=J> study_id;

array[K] vector[2] y; // les_endline, es_followup]
vector<lower=0>[K] sel; // SE at endline
vector<lower=0>[K] se2; // SE at followup

vector<lower=-1, upper=1>[K] r; // Sampling correlation (from sensitivity analysis)
real<lower=-1, upper=1> rho; // RVE Correlation (study-level dependency, e.g., 0.8)
}

transformed data {
matrix[2,2] L_S[X];
matrix[2,2] L_Rho;

// 1. Build the RVE Study-level Correlation Matrix (fixed rho)
{

matrix[2,2] Rho;

Rho[1,1] = 1.0;

Rho[2,2] = 1.0;

Rho[1,2] = rho;

Rho[2,1] = rho;

L_Rho = cholesky_decompose(Rho);
X

// 2. Build the Sampling Error Cholesky factors (observation level)
for (i in 1:K) {
matrix[2,2] S;
S[1,1] = square(sell[il);
S[2,2] = square(se2[il);
S[1,2] = r[i] =* sel[i] * se2[i];
S[2,1] = s[1,2];
L_S[i] = cholesky_decompose(S);
}
}

parameters {
// Global Intercepts and Persistence Slope

real mul; // Average endline ES
real alpha; // Persistence intercept
real beta; // Persistence slope (The corrected parameter)

// Hierarchical Variances

real<lower=0> sigma_ul; // Study-level SD (Endline)
real<lower=0> sigma_u2; // Study-level SD (Followup)
real<lower=0> taul; // Residual SD (Endline)
real<lower=0> tau2; // Residual SD (Followup)
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// Standardized random effects for non-centered parameterization

matrix[2, J] u_raw; // Study-level shifts
vector[K] epsl_raw; // Row-level residual for endline
vector [K] eps2_raw; // Row-level residual for followup

}

transformed parameters {
vector [K] thetal;
vector [K] theta2;
matrix[2, J] u;

// Apply the RVE correlation (rho) to the study-level random effects
for (j in 1:J) {

ul, j] = diag_pre_multiply([sigma_ul, sigma_u2]', L_Rho) * u_raw[, jJl;
}

for (i in 1:K) {
// 1. Latent True ES at Endline (Study shift + residual)
thetall[i] = mul + ul[l, study_id[i]] + (epsi_raw[i] * taul);

// 2. Latent True ES at Followup (Regression on thetal + study shift + residual)
theta2[i] = alpha + (beta * thetall[i]) + u[2, study_id[i]] + (eps2_raw[i] * tau2);
}
}

model {
// Priors
mul ~ normal(0, 1);
alpha ~ normal(0, 1);
beta ~ normal(0, 1);
[sigma_ul, sigma_u2, taul, tau2] ~ cauchy(0, 0.5);

to_vector(u_raw) ~ std_normal();
epsl_raw ~ std_normal();
eps2_raw ~ std_normal();

// Likelihood: Observed ES given the Latent True ES and Correlated Sampling Error
for (i in 1:K) {
y[i] ~ multi_normal_cholesky([thetal[i], theta2[il]', L_S[il);
}
}

B ==
K <- nrow(sel)

J <- sel |> distinct(study_id) |> nrow()

study_counts <- as.numeric(table(sel$study_id))

# create a function to do this for a specified correlation
fit_mod <- function(r){

# get the data for stan in a list format
stan_data <- list(
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K = K,

J =7,

study_id = as.numeric(as.factor(sel$study_id)),
study_sizes = study_counts,

y = as.matrix(sel[, c("esl", "es2")]),
sel = sel$sel,

se2 = sel$se?2,

# test retest

r = rep(r, nrow(sel)),

# RVE rho

rho = .8

# fit model - this takes about 90 seconds each
fit <- stan(

model_code = stan_code,

data stan_data,

iter 1000,

warmup = 500,

chains = 4,

seed = 2026

R R S
# get a sequence of correlations
rs <- seq(0, .9, .1)

# map across the inputs
if (fit_mods){

# map across the inputs
stan_mods <- map(rs, fit_mod, .progress = TRUE)

# save the fitted models
save(stan_mods, file = "data/mods/stan_mods.Rdata")

}

# load the fitted models
load("data/mods/stan_mods.Rdata")
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C Additional Simulation Results

For both Figures, the y-axis shows the ES at followup and the x-axis shows the ES at endline.
Each dot is a simulated RCT of 40 or 1000 participants randomly assigned to treatment or
control conditions. The black line is the true persistence of 50% and the red line shows OLS

fits. The plot is faceted by test-retest reliability p.

Figure C1: Simulated Meta-regressions Across Test-Retest Reliabilities (N = 40)
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Figure C2: Simulated Meta-regressions Across Test-Retest Reliabilities (N = 1000)

rho: 0.1
y=0.48x+0,

rho: 0.6 rho: 0.7

Followup ES

1
-05 00 05 1.0
Endline ES

32



D Heterogeneous Sampling Correlations Across Studies

D.1 Setup

In this appendix, we extend our primary derivation to cases with varying SEs and test-retest
reliabilities by study. First, we restate the data-generating process, where 0 is the observed

ES, 0 is the true ES, and e is the sampling error at time ¢ for study k:

01k = Oux, + e, (38)
ok = b1, + €. (39)

The true persistence is given by
Oor = o + By + . (40)

Let the SEs for each observed ES be given by

Var(ey) = 03, (41)
Var(ey,) = 03, (42)
Cov(eik, ar) = PrO1£02%- (43)

Note that here we (a) allow the sampling correlation py to vary by study, and (b) assume
that Cov(ey, e25) = 0 for j # k.
D.2 “Naive” Weighted Least Squares Persistence Estimator

Now consider the weighted least squares regression estimator

G(élk, 52]6)

Bis = -2 2k) 44
BwLs G (O, o) (44)
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where
k

The weights, wy, are any non-negative weights (usually inverse variance weights) and A is
the weighted sample mean % > WiAyg, where W =", wy. In other words, G(A, B) is the

weighted sample covariance of A and B. Note the identity

G, B) = Y AuBi] — (S wide) (3 weBe). (46)

k

D.3 Corrected Persistence Estimator

We next derive the expectation of the weighted sample covariance. These moment equations

motivate a corrected method-of-moments estimator:
1 K K
E[G(elk, egk)] = %:(wk ]E[elk, egk]) — W (Z Zw wk 61], egk]> . (47)

j=1 k=1

Because we assume Cov(eyy, e25) = 0 for j # k, this yields

1
E[G (e, e2x)] = Z[kakCleUzk] W Z Wi RO 1k 2% (48)
k
= Zwk 1 — pkO'lk(TQk (49)
For convenience, we define v, = wi(1 — ).

We can now correct the persistence estimator (Equation 44) for correlated sampling error.
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Given the treatment effects, SEs, and weights,

IeE[G(51k, ar)] = G(O1k, Oor) + Z%Pkalm% (50)
%

IE[G(CSM, O1x)] = G(O1k, O1r) + Z’)’kU%k- (51)
%

The corrected method-of-moments persistence estimator is therefore

G(51k> 521:) - Zk VkPkO1kO 2k
G (011, 01k) = Dk MO

B\corrected (P) == 5 (52)

where p = (p1, ..., pr) is a vector of test-retest reliabilities and K is the number of studies.
With fixed 01y, 0ok, 034, O, Tk, only the correction of the numerator term Y, Yxpr01£02%
changes as a function of p.

We now rewrite Beorrected(P) as

- G (6108
/BCOrreCted(p) - 1k, 2k Z ’Yko.lkO-Qk (53)

G(O1k, O1k) — Z kO T (54)

Taking the partial derivative, we see that

aé\corrected (P) _ _’Vko-lkUQk (55>

Because v,01,09, > 0 (i.e. the product of non-negative weights and standard errors must
be non-negative), the corrected estimator is a monotone non-increasing function of each

study-specific correlation p.
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D.4 Proof that the Sensitivity Analysis Bounds are Insensitive to the Distribu-

tion of Correlations

Claim: given each p;, € p is within the bounds of fixed py and py (i.e., px € [pr, pu] for all
k), then

ﬂcorrected (pL) S Bcorrected(p) S Bcorrected(pU) (56)

Proof: Because vyo1,09r > 0,

PLY OOk < Y VOUTPE < PU Y VeO1kO2% (57)
k k k

SO

G 61k, 02k) — PL Z'Ykalka% > G(01k, Ook) — Z'YkalkUZkPk > G(01k, 02) — pu Z VO 1k 2%k
k k k

(58)

and when these quantities are divided by the same denominator D, these are, respectively,

the corrected estimators with (1) all pr = pr, (2) heterogeneous pi, and (3) all pp =

pu- Thus, no heterogeneous assignment of p; can push B\wrrected(p) outside the bounds of

[Bcorrected (PL) ) [B\COrrected ( PU )] .
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